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Abstract
We derive a factorization theorem for the jet mass distribution with a given pJT for the inclusive
production, where pJT is a large jet transverse momentum. Considering the small jet radius limit
(R  1) we factorize the scattering cross section into a partonic cross section, the fragmentation
function to a jet, and the jet mass distribution function. The decoupled jet mass distributions for
quark and gluon jets are well-normalized and scale invariant. And they can be extracted from the
ratio of two scattering cross sections such as dσ/(dpJTdM
2
J ) and dσ/dp
J
T . When MJ ∼ pJTR, the
perturbative series expansion for the jet mass distributions works well. As the jet mass becomes
small, the large logarithms of MJ/(p
J
TR) appear, and they can be systematically resummed through
more refined factorization theorem for the jet mass distribution.
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I. INTRODUCTION
Jets, collimated bunches of hadrons, contain valuable information to study QCD and high
energy interactions. Because jets are well localized in a certain direction, they are rather
easily measurable. Also insensitiveness to long distance strong interactions enables us to
handle this phenomena perturbatively. Therefore, through comparison between theoretical
predictions and experiments, we are able to understand high energy interactions and explore
new physics in a keen accuracy.
As the energy of collisions increases, it is useful to employ small radius jets in order to
resolve highly energetic particles into multiple jets. This helps us separate signals we are
interested in from backgrounds. Also, with small radius jets we can suppress contaminations
arising from the underlying/pile-up events.
In a theoretical aspect, the phenomena of a jet with small raidus R can be well decoupled
from hard collision interactions and systematically described by collinear and (collinear-
)soft interactions. Also we can effectively ignore or detach soft gluon emissions with a wide
angle from the jet direction. However, the small radius induces large logarithms in the
perturbative calculation of αs. Hence we have to resum the large logarithms to all orders
for reliable predictions [1–4].
Jet mass is one of the most important jet substructures. When a boosted heavy particle
such as a top or Higgs boson decays into a jet, we can identify the heavy particle from the
peak of the jet mass if we can separate QCD jets effectively. Therefore a precise description
of QCD jet mass distribution is prerequisite for the identification of the heavy particle and
moreover understanding physics at TeV scales.
So far the QCD jet mass distributions [6–10] have been widely studied focusing on re-
summing large logarithms of the small jet mass compared to large EJ or p
J
T , where EJ is
the jet energy and pJT is the jet transverse momentum with respect to an incoming beam
axis. In the small R limit a typical scale for the jet mass is comparable to EJR or p
J
TR.
So, for example, if pJT is a few TeV, we can describe the jet mass up to a few hundreds
of GeV employing the small R approximation.1 However, in the perturbative expansion
for QCD jet, the distribution of the nonzero jet mass is roughly given as αs/MJ . Thus
the region MJ  pJTR is dominant and the resummation of the large logarithms such as
1 For practical use, the size of R needs not to be too small. It is known that the small R approximation
practically works well even for the case when R is 0.6 - 1 [5, 7].
2
ln(pJTR/MJ) [10] is inevitable. In this case we have to explore QCD dynamics setting the
scale hierarchy as (EJ , p
J
T ) (EJR, pJTR)MJ .
In this paper, for the inclusive jet production, we introduce the normalized jet mass
distribution, which can be universally applied to any isolated QCD jet with small R. With
the help of the fragmentation functions to a jet (FFJs) [3, 4] we show that the distribution
can be separated from the jet scattering cross section with a given pJT or EJ up to next-to-
leading order (NLO) in αs. The jet mass distribution turns out to be scale invariant and
can describe the peak region (MJ  pJTR) as well as the tail region (MJ ∼ pJTR). We also
derive a more refined factorization theorem in focusing on the peak region. This allows us
to handle large logarithms arising from the small jet mass compared to pJTR.
II. FACTORIZATION THEOREM FOR THE JET MASS DISTRIBUTION
A. Collinear Factorization for Jet Substructure
When we consider the inclusive jet scattering cross section such as N1N2 → JX and the
observed jet J has a small radius R ( 1), we can factorize the scattering cross section as [1]
dσ
dydpJT
=
∑
i
∫ 1
zJ=p
J
T /QT
dz
z
dσi(y, zJ/z, µ)
dydpiT
DJ/i(z, µ). (1)
Here σi is the cross section with a parton i in the final state and QT is the maximal pT for
a given rapidity y. Since we consider a jet in the central rapidity region, the rapidity y is
given to be <∼ O(1). DJ/i is the so-called fragmentation function to a jet (FFJ) [3, 4] for a
given mother parton i. The FFJ is described as the probability that the outgoing jet from
the mother parton acquires a large momentum fraction z.
For detailed perturbative results for a jet, throughout this paper we consider anti-kT
algorithm [11] for the clustering. At NLO in αs, for kT-type algorithms to include kT [12,
13], anti-kT, and Cambridge/Aachen (C/A) [14], the jet merging conditions of two particle
emissions are given as
θ < R′
 R′ = R for e+e− colliderR′ = R/ cosh y for hadron collider. (2)
Here θ is the angle between the two particles, and ∆R =
√
∆y2 + ∆φ2 for the hadron collider
is assumed to be small and can be approximated by ∆R ∼ θ cosh y. In our computation as
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we will see, the typical scale for the observed jet is given as p+J tan(R
′/2) ∼ EJR′. This is
expressed as EJR for e
+e− annihilation and pJTR for hadronic collision.
Based on Eq. (1), we can also investigate substructures of the observed jet. For example,
if we try to figure out the fragmentation to a hadron or subjet inside the jet we can employ
the following factorization theorem [4]:
dσ
dydpJTdx
=
∑
i,k
∫ 1
zJ
dz
z
dσi(y, zJ/z, µ)
dydpiT
DJk/i(z;EiR
′, µ)Dl/Jk(x;EJR
′), (3)
where l is the hadron or subjet inside Jk, k denotes a primary parton flavor for the ob-
served jet, and x = plT/p
J
T is a momentum fraction of l over Jk. Dl/Jk is the so-called jet
fragmentation function (JFF), which describes a fragmenting process k → l inside Jk.
In Eq. (3), the FFJs and JFFs are normalized as one and satisfy the momentum conserving
sum rule such as
1 =
∑
k
∫ 1
0
dzzDJk/i(z;EiR
′, µ), 1 =
∑
l
∫ 1
0
dzzDl/Jk(z, EJR
′). (4)
Note that the JFFs, Dl/Jk , have a limited phase space since whole partons should radiate
only inside the jet. To describe the fragmenting process using soft-collinear effective theory
(SCET) [15–18], we introduce the so-called unnormalized JFF such as
D˜l/Jq(z, µ) =
∑
X∈J
1
2Ncz
∫
dD−2p⊥Tr〈0|δ
(p+
z
− P+
)
δ(D−2)(P⊥)n/
2
Ψn|l(p+,p⊥)X〉
×〈l(p+,p⊥)X|Ψ¯n|0〉. (5)
Here D = 4 − 2ε, and the collinear quark is given by Ψn = W †nξn, where Wn is a collinear
Wilson line in SCET [16, 17]. If we consider a gluon jet as an initial state, the fragmentation
D˜l/Jg can be similarly described by a collinear gluon field strength B⊥an = inρgµν⊥ Gbn,ρνWban =
inρgµν⊥ W†,ban Gbn,ρν , where Wn is the collinear Wilson line in the adjoint representation. We
decomposed the momentum as pµ = (p+, p−,p⊥), where p+ ≡ n · p = p0 + nˆJ · p and
p− ≡ n · p = p0− nˆJ ·p. Here nˆJ is an unit vector in the jet direction and p⊥ is a transverse
momentum to nˆJ . The lightcone vectors n and n satisfy n
2 = n2 = 0 and n · n = 2.
The definition of the unnormalized JFF in Eq. (5) are almost the same as the usual
fragmentation function (FF). The only difference is that the final states for the unnormalized
JFF should be inside the jet with a size EJR
′, while the usual FF has not such a restriction.
So, as computed in Refs. [4, 19] at NLO, the normalization of D˜l/Jk differs from one due to
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a limited phase space and it is given as a function of EJR
′ such as∑
l
∫ 1
0
dzzD˜l/Jk(z;EJR
′, µ) = Jk(EJR′, µ). (6)
We call it as ‘the integrated jet function (inside a jet)’, which describes parton radiations
inside a jet. Therefore the normalized JFF shown in Eqs. (3) and (4) is obtained from
dividing the unnormalized JFF by the integrated jet function such as
Dl/Jk(z;EJR
′) =
D˜l/Jk(z;EJR
′, µ)
Jk((EJR′, µ) . (7)
This integrated jet function is also needed for describing the ‘in-jet’ contributions to the
FFJs, which have the following structure:
DJk/i(z, µ;ER
′) = BJk/i(z;ER
′, µ)Jk(µ;EJR′), (8)
where the jet splitting kernel BJk/i can be expressed as
BJk/i(z;ER
′, µ) = δ(1− z)δik +DoutJk/i(z;ER′, µ). (9)
Here DoutJk/i(z) is the jet splitting (‘out-jet’) contributions to the FFJs. This factorization
for the FFJs in Eq. (8) works at NLO in αs. It might hold at the higher order if we ignore
1 → 3 splitting processes. In deriving Eq. (3) we can use the fact that the fragmentation
from k to l can be factorized as the out-jet and in-jet splitting processes such as
Dl/k(x) =
∑
k
∫ 1
w
dz
z
BJk/i (z;ER
′) D˜l/Jk
(x
z
;EJR
′
)
. (10)
Then we multiply/divide the integrated jet function, and finally obtain the factorization
theorem in Eq. (3).
In Eq. (3) if the momentum fractions z and x are ∼ O(1) and not too close to 1, we
can genuinely describe the FFJs and JFFs by a collinear mode. And we can successfully
suppress the contributions from (collinear-)soft degrees of freedom2, which can be decoupled
from the collinear mode. Here the collinear mode scales as pc = (p
+
c , p
−
c ,p
⊥
c ) ∼ Q(1, R2, R),
where Q ∼ pJT ∼ EJ . Hence it recognizes the jet boundary and gives nonvanishing results
for both in-jet and out-jet contributions. If z or x in Eq. (3) are close to 1, the collinear-
soft contributions do not vanish and the decoupled collinear-soft mode is responsible for
radiations with momentum Q(1− z) or Q(1− x) [24].
2 Here the soft degrees of freedom can be separated as a regular soft mode and a collinear-soft mode.
The former scales as ps ∼ Qη(1, 1, 1) and the latter as pcs ∼ Qη(1, λ2, λ), where η and λ are relevant
small parameters to physical situations. The regular soft mode does not contribute to the computation
of the jet in the small R limit since it cannot recognize the jet boundary and describe radiations only
far outside the jet. The collinear-soft mode [20–23] describes radiations of boosted soft particles near the
jet boundary and can contribute if a jet observable is sensitive to a small momentum. For a detailed
decoupling procedure of the collinear-soft mode from the collinear mode we refer to Refs. [20, 24].5
B. Factorization to Jet Mass Distribution in the Tail Region: MJ ∼ EJR′
From now we consider the factorization into a jet mass distribution starting from Eq. (3).
In the tail region of the jet mass distribution, the jet mass MJ is comparable with the jet
size EJR
′. In this case the collinear mode with pc ∼ Q(1, R2, R) is enough for describing
the jet mass distribution, and the collinear-soft contributions are suppressed. In order to
incorporate the jet mass distribution with Eq. (3), we introduce fragmenting jet function
(FJF) inside a jet [19] putting δ(M2J − P2) into the collinear operator for the JFF such as
Gl/Jq(x,M2J ;EJR′, µ) =
∑
X∈J
1
2Ncx
∫
dD−2p⊥Tr〈0|δ
(p+
x
− P+
)
δ(D−2)(P⊥)δ(M2J − P2)
n/
2
Ψn
×|l(p+,p⊥)X〉〈l(p+,p⊥)X|Ψ¯n|0〉. (11)
At leading order (LO) in αs, the FJF is normalized as G(0)l/Jq = δ(1−x)δ(M2J). The difference
compared to a generic FJF [25–27] is that the upper limit of the jet mass is constrained by
a jet algorithm, while the generic FJF does not have such a constraint. Then we have the
relation
Dl/Jk(x;EJR
′) =
1
Jk(EJR′, µ)
∫ Λ2(x)
0
dM2J Gl/Jk(x,M2J ;EJR′, µ), (12)
where Λ2(x) is the maximal jet mass for a given x. In case of kT-type algorithms Λ
2(x) is
given by x(1− x)p+2J t2, where p+J ∼ 2EJ and t ≡ tan(R′/2) ∼ R′/2.
Thus, from Eq. (12), the differential cross section to include information on the jet mass
can be written as
dσ
dydpJTdxdM
2
J
=
∫ 1
zJ
dz
z
dσi(y, zJ/z, µ)
dydpiT
DJk/i(z;ER
′, µ)
Gl/Jk(x,M2J ;EJR′, µ)
Jk(EJR′, µ) . (13)
If we apply momentum sum rule over the final states l, we also obtain
dσ
dydpJTdM
2
J
=
∑
l
∫ 1
0
dxx
(
dσ
dydpJTdxdM
2
J
)
=
∫ 1
zJ
dz
z
dσi(y, zJ/z, µ)
dydpiT
DJk/i(z;ER
′, µ)Φk(M2J ;EJR
′). (14)
Here Φk is our desired jet mass distribution for a given EJ and R
′, and written as
Φk(M
2
J ;EJR
′) =
∑
l
∫ 1
0
dxx
Gl/Jk(x,M2J ;EJR′, µ)
Jk(EJR′, µ) . (15)
As seen from Eqs. (12) and (14), Φk is scale invariant except the dependence of αs(µ)
in the perturbative series. In Eq. (14), the convolution of dσi and the FFJs is already
6
given to be scale invariant since the renormalization behavior of the FFJs follow DGLAP
evolutions resumming large logarithms of small R [1–4]. Also Φk is well-normalized to satisfy
1 =
∫
dM2J Φk(M
2
J). This fact can be clearly seen if we apply the momentum sum rule to
Eq. (12). Since Φk is decoupled from the hard scattering process (and the FFJs) as shown
in Eq. (14), it can be universally determined for a given jet with pJT and R, and can be also
applied to e+e− annihilation and deep inelastic scattering.
At NLO in αs, with the clustering condition in Eq. (2) applied, the normalization factor
in Eq. (15), i.e, the integrated jet functions Jk, are computed as [28–30]
Jq(EJR′, µ) = 1 + αsCF
2pi
[
3
2
ln
µ2
p+2J t
2
+
1
2
ln2
µ2
p+2J t
2
+
13
2
− 3pi
2
4
]
, (16)
Jg(EJR′, µ) = 1 + αsCA
2pi
[
β0
2CA
ln
µ2
p+2J t
2
+
1
2
ln2
µ2
p+2J t
2
+
67
9
− 23nf
18CA
− 3pi
2
4
]
, (17)
where p+J t ∼ EJR′, β0 = 11Nc/3 − 2nf/3, CA = Nc = 3, and nf is the number of quark
flavors.
Computing the FJFs Gl/Jk in Eq. (15) and dividing Eqs. (16) and (17), we obtain the
normalized jet mass distributions at NLO such as
Φq(M
2
J) = δ(M
2
J) +
αsCF
2pi
[
1
M2J
(
−3
2
w + 2 ln
1 + w
1− w
)]
Λ2=Λ2kT
,
(18)
Φg(M
2
J) = δ(M
2
J) +
αsCA
2pi
[
1
M2J
(
−7w
4
− w
3
12
+ 2 ln
1 + w
1− w
)
+
nf
CAM2J
(w
4
+
w3
12
)]
Λ2=Λ2kT
,
(19)
where w =
√
1−M2J/Λ2kT , and Λ2kT = p+2J t2/4 ∼ E2JR′2/4 is the maximum of the jet mass
with anti-kT algorithm applied. [· · · ]Λ2 is the so-called “Λ2-distribution”, which is defined
as ∫ M2
0
dM2[g(M2)]Λ2f(M
2) =
∫ M2
0
dM2g(M2)f(M2)−
∫ Λ2
0
dM2g(M2)f(0), (20)
where f(M2) is an arbitrary smooth function at M2 = 0. In computing Eqs. (18) and (19),
the one loop contributions to δ(M2J) for
∑
l
∫
dxxGl/Jk are cancelled by Jk at one loop. Then
we obtain the scale invariant jet mass distributions, that is also normalized as one.3
3 In computing
∑
l
∫
dxxGl/Jk to obtain the jet mass distributions, we applied the zero-bin subtraction [31]
to eliminate the overlap with soft contributions. Here the subtracted contribution does not come from the
regular soft mode but the collinear-soft mode scaling as ∼ Qη(1, R2, R). As shown in Ref. [23, 30], the
different zero-bin subtraction by the collinear-soft mode gives a different renormalization behavior from
the standard jet function that was defined in Eq. (24).
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As far as MJ ∼ EJR′, there is no large logarithm in Eqs. (18) and (19). However, as
MJ goes to zero, the large logarithm, lnM
2
J/(E
2
JR
′2), appears. In order to see thee small jet
mass behaviors of Φk, we need to use a small value of Λ
2 for the Λ2-distribution instead of
using Λ2 = Λ2kT . From Eq. (20), using the relation
[g(M2)]Λ2kT
= [g(M2)]Λ2 − δ(M2)
∫ Λ2kT
Λ2
dM ′2g(M ′2), (21)
we can rewrite Φk=q,g in Eqs. (18) and (19). Here Λ
2 in the right side scales as Λ2  E2JR′2.
Then we can safely take a limit M2J → 0 on Φk, and obtain
Φq(M
2
J → 0) = δ(M2J) +
αsCF
2pi
{
δ(M2J)
(
−3
2
ln
Λ2
p+2J t
2
− ln2 Λ
2
p+2J t
2
− 3 + pi
2
3
)
−
[
1
M2J
(3
2
+ 2 ln
M2J
p+2J t
2
)]
Λ2E2JR′2,
}
,
(22)
Φg(M
2
J → 0) = δ(M2J) +
αsCA
2pi
{
δ(M2J)
(
− β0
2CA
ln
Λ2
p+2J t
2
− ln2 Λ
2
p+2J t
2
− 67
18
+
13
18
nf
CA
+
pi2
3
)
−
[
1
M2J
( β0
2CA
+ 2 ln
M2J
p+2J t
2
)]
Λ2E2JR′2,
}
.
(23)
So we clearly see the large logarithms of M2J/(E
2
JR
′2) in the small jet mass limit, that needs
to be resummed to all order in αs. For this we need more IR sensitive modes to be decoupled
from the collinear mode. In the next section, including these modes we will consider the
factorization theorem for the small jet mass distributions.
III. FACTORIZATION OF THE JET MASS DISTRIBUTION IN THE PEAK RE-
GION: M2J  E2JR′2
If we assume M2J  E2JR′2, the collinear mode with pc ∼ Q(1, R2, R) cannot radiate
inside a jet since its contribution to the jet mass squared is given to be ∼ Q2R2. Therefore
the collinear contributions are involved only in the normalization factor Jk when we consider
the distribution Φk. Then the FJF Gl/Jk in Eq. (15) should be described by the narrower
collinear mode. We will call it ‘ultracollinear mode’, and its scaling behavior is given as
puc ∼ Q(1,M2J/Q2,MJ/Q) satisfying p2uc ∼ M2J . Since this mode is too narrow to be aware
of the jet boundary, the FJF can be identified as a generic FJF without the constraint of
the boundary.
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Hence if we apply the momentum sum rule to Gl/Jk in the ultracollinear limit, it ends up
as ‘the standard jet function’ such as [25, 26]
Jk(M
2
c , µ) =
∑
l
∫ 1
0
dxx Gl/Jk(x,M2c ;µ), (24)
where Mc is the ultracollinear contribution to the jet mass, and we suppressed the term
EJR
′ in the argument of Gl/Jk since it does not appear in the ultracollinear limit. Jk is the
standard jet function that was first introduced in Ref. [17]. And, for example, the quark jet
function is defined as∑
Xn
〈0|Ψαn|Xn〉〈Xn|Ψ¯βn|0〉 =
∫
d4p
(2pi)3
p+
n/
2
Jq(p
2, µ)δαβ, (25)
where the jet function at LO is normalized as J
(0)
q = δ(p2).
Because the jet mass is small, it can be also sensitive to collinear-soft radiations. As
discussed before, the decoupled collinear-soft mode from the collinear mode does not con-
tribute when MJ ∼ EJR′. However, if MJ  EJR′, the momentum squared of the ul-
tracollinear and the collinear-soft modes can be comparable to the small jet mass such as
p+ucp
−
cs ∼ p+J p−cs ∼ M2J . In general the scaling behavior of the collinear-soft momentum can
be written as pcs ∼ Qη(1, λ2, λ), where η and λ are small parameters. Here λ is given by
<∼ R in order that the collinear-soft mode contribute to the jet mass inside the jet. Also
using the fact p+J p
−
cs ∼ M2J , we estimate η ∼ M2J/(Q2λ2)  1. Since we are now interested
in the region M2J  Q2R2, λ should not be much less than R, otherwise the small param-
eter η could be O(1). As a result the small parameter λ is given as O(R), and finally the
collinear-soft momentum scales as
pµcs = (p
+
cs, p
−
cs,p
⊥
cs) ∼
M2J
QR2
(1, R2, R). (26)
Note that this collinear-soft mode can read the jet boundary properly like the collinear mode
pc ∼ Q(1, R2, R).
From the collinear mode, we can decouple the collinear-soft interactions following the
similar procedure performed in Ref. [24]. Then the decoupled collinear-soft interactions can
be expressed in terms of the collinear-soft Wilson lines Yn,cs and Yn,cs, which have the usual
form of the soft Wilson lines [17, 32] such as
Y csn (x) = P exp
[
ig
∫ ∞
x
dsn · Acs(sn)
]
, Y csn (x) = P exp
[
ig
∫ ∞
x
dsn · Acs(sn)
]
. (27)
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Finally, incorporating the collinear-soft interactions with Eq. (15) and applying Eq. (24),
we obtain the factorized result of the jet mass distribution for the region MJ  EJR′ such
that
Φk(M
2
J  E2JR′2;EJR′) = Ck(EJR′, µ)
∫
dM2c d`−δ(M
2
J −M2c − p+J `−)
× Jk(M2c ;µ)S˜k(`−;EJR′, µ)
= Ck(EJR′, µ)
∫ M2J
0
dM2c Jk(M
2
c ;µ)Sk(M
2
J −M2c ;EJR′, µ), (28)
where the collinear function Ck is equal to J −1k , and Jk are the standard jet function in-
troduced in Eq. (24). S˜k(`−) are the collinear-soft functions, and for k = q it is defined
as
S˜q(`−) =
1
Nc
Tr 〈0|Y †n,csYn,csδ(`− + Θ(R′ − θ)P−s )Y †n,csYn,cs|0〉, (29)
where P−cs is the derivative operator extracting the momentum p−cs. The collinear-soft func-
tion initiated by a gluon jet can be also defined similarly in the adjoint representation with
a normalization factor N2c − 1. At leading order in αs, S˜k is normalized as δ(`−). From
the argument of the delta function in Eq. (29), we see that, at the higher order in αs, `−
returns nonzero value only from the in-jet contributions, while the out-jet contributions are
proportional to δ(`−). Sk(M2s = M
2
J −M2c ) in the last line of Eq. (28) has the dimension
1/M2, and it can be related as Sk(M
2
s ) = S˜k(`−)/p
+
J with M
2
s = p
+
J `−.
For one collinear-soft gluon emission inside a jet, the phase space constraint for the
collinear-soft momentum k is given by
R′ > θ → tan2 R
′
2
>
k−
k+
. (30)
Employing this we computed the collinear-soft function at NLO and the results are shown
as
Sk(M
2) = δ(M2) +
αsCk
pi
{
δ(M2)
(
pi2
24
− 1
4
ln2
µ2p+2J t
2
Λ2
)
+
[
1
M2
ln
µ2p+2J t
2
(M2)2
]
Λ2
}
,
(31)
where Ck are CF for k = q and CA for k = g. The results are infrared (IR) finite, and the
part with M2 6= 0 has been expressed through the Λ2-distribution defined in Eq. (20). The
value of Λ2 in the distribution of Eq. (31) can be arbitrary since the dependence of Λ2 in
the distribution can cancel when combined with the part proportional to δ(M2). But, the
scaling behavior here can be considered as Λ2 ∼ M2J ( E2JR′2). From Eq. (31) we read
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the collinear-soft scale to minimize the large logarithms as µ ∼ µcs ∼ M2J/(EJR′). This
coincides with the fact µ2cs ∼ p2cs.
In the factorization theorem in Eq. (28), the standard jet functions for ultracollinear
interactions are expressed at one loop such as
Jq(M
2) = δ(M2) +
αsCF
2pi
{
δ(M2)
(
3
2
ln
µ2
Λ2
+ ln2
µ2
Λ2
+
7
2
− pi
2
2
)
(32)
−
[
1
M2
(3
2
+ 2 ln
µ2
M2
)]
Λ2
}
,
Jg(M
2) = δ(M2) +
αsCA
2pi
{
δ(M2)
(
β0
2CA
ln
µ2
Λ2
+ ln2
µ2
Λ2
+
67
18
− 5
9
nf
CA
− pi
2
2
)
(33)
−
[
1
M2
( β0
2CA
+ 2 ln
µ2
M2
)]
Λ2
}
.
Now we have obtained all ingredients for NLO computation of Φk(M
2
J  E2JR′2) in
the framework of factorization. Putting NLO results for Ck(J −1k ) (Eqs. (16) and (17)), Sk
(Eq. (31)), and Jk (Eqs. (32) and (33)) into Eq. (28), we easily reproduce the results in
Eqs. (22) and (23), that are the asymptotic distributions when the small jet mass limit is
taken into account in the calculation with the collinear mode.4
IV. RESUMMATION FOR THE JET MASS DISTRIBUTION IN THE SMALL
JET MASS REGION
As we have seen from Eqs. (22) and (23), the results for the small jet mass at the fixed
order in αs is not enough for the precise estimation since the perturbative expansion is
not reliable due to the large logarithms. So using the factorization theorem established in
Eq. (28) we have to resum the large logarithms to all order in αs.
The factorized parts Ck, Jk, and Sk in Eq. (28) are governed by the collinear, ultracollinear,
and collinear-soft modes respectively. So the relevant scale to each factorized part is given
as µc ∼ EJR′, µuc ∼ MJ , and µcs ∼ M2J/(EJR′) respectively. Also these scales minimize
large logarithms in their own perturbative results.
4 Since the ultracollinear and collinear-soft modes can be considered as subsets of the collinear mode, we can
regard the collinear mode as a ‘full mode’ in some sense. So the jet mass distribution with the collinear
mode for MJ ∼ EJR′ can cover the full range of the jet mass although we need the resummation of the
large logarithms of MJ/EJR
′ in the small jet mass region.
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Resumming procedure from the factorization theorem is given as follows: We factorize
Φk at a certain scale, i.e., the factorization scale µf . Then each factorized part is computed
at its own scale to minimize large logarithms. Finally we evolve each factorized part from
its own scale to µf solving renormalization group (RG) equations. Since this procedure
does not allow large logarithms in each factorized part, it automatically resums the large
logarithms of M2J/(E
2
JR
′2) over all through RG evolutions of Ck, Jk, and Sk.
The anomalous dimensions for the factorized parts satisfy the following RG equations:
d
d lnµ
Ck = γkC Ck,
d
d lnµ
fk(M
2) =
∫ M2
0
dM ′2γkf (M
′2)fk(M2 −M ′2), (34)
where f = J, S. From NLO results, the leading anomalous dimensions γ
(0),k
C,J,S are written as
γ
(0),k
C = −
αsCk
2pi
(
2 ln
µ2
p+2J t
2
+ ck
)
,
(35)
γ
(0),k
J (M
2) =
αsCk
2pi
{
δ(M2)
(
4 ln
µ2
Λ2
+ jk
)
−
[ 4
M2
]
Λ2
}
,
(36)
γ
(0),k
S (M
2) =
αsCk
2pi
{
−2δ(M2) ln µ
2p+2J t
2
(Λ2)2
+
[ 4
M2
]
Λ2
}
,
(37)
where cq = jq = 3, cg = jg = β0/CA, and Ck are CF for k = q and CA for k = g. Also we
easily check that Φk is scale invariant through
δ(M2)γ
(0),k
C + γ
(0),k
J (M
2) + γ
(0),k
S (M
2) = 0. (38)
In Eqs. (35)-(37) the logarithmic terms represent Sudakov logarithms. So, at lead-
ing logarithm (LL) accuracy, we resum double logarithms. Hence the result appears as∑
n=0 ak(αsL
2)n ∼ exp(Lf0(αsL)), where the schematic L denotes the large logarithm of
M2/(E2JR
′2). In order to resum at next-to-leading logarithm (NLL) accuracy, we need the
anomalous dimensions beyond LO, which can be expressed as
γkC = AcΓ
k
C ln
µ2
p+2J t
2
+ γˆkc , (39)
γkJ(M
2) = δ(M2)
(
AjΓ
k
C ln
µ2
p+2J t
2
+ γˆkj
)
− κjAjΓkC
[ 1
M2
]
Λ2
, (40)
γkS(M
2) = δ(M2)
(
AsΓ
k
C ln
µ2p+2J t
2
(Λ2)2
+ γˆks
)
− κsAsΓkC
[ 1
M2
]
Λ2
, (41)
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where ΓkC =
∑
n=0 Γ
k
n(αs/4pi)
n+1 are the cusp anomalous dimensions [33, 34], and the first
two coefficients to be needed at NLL accuracy are given as
Γk0 = 4Ck, Γ
k
1 = 4Ck
[(67
9
− pi
2
3
)
CA − 10
9
nf
]
. (42)
From leading anomalous dimensions in Eqs. (35), (36), and (37), we extract {Ac, Aj, As, κj, κs} =
{−1, 2,−1, 1, 2}. And the noncusp anomalous dimensions for NLL accuracy are given as
γˆqc = −3αsCF/(2pi), γˆgc = −αsβ0/(2pi), γˆkj = −γˆkc , and γˆks = 0.
Solving RG equations in Eq. (34) and following the method developed in Refs. [35, 36]
we obtain the resummed result at NLL accuracy such as
Φ¯k(ρ) = Φk(M
2
J) · E2JR′2 = exp[Mk(µc, µuc, µcs)] Ck(EJR′, µc) (43)
×J¯k
[
ln
µ2uc
E2JR
′2 − ∂η
]
S¯k
[
ln
µ2uc
E2JR
′2 − 2∂η
]e−γEη
Γ(η)
ρ−1+η,
where ρ = M2J/(E
2
JR
′2), and Φ¯k is the dimensionless jet mass distribution, which can be
also expressed as a ratio of dσ/(dpJTdydρ) over dσ/(dp
J
Tdy). The exponentiation factor Mk
at NLL accuracy is obtained as
Mk(µc, µuc, µcs) = −2SkΓ(µuc, µc)− 2SkΓ(µuc, µcs) (44)
+ ln
µ2uc
E2JR
′2
(
a[ΓkC ](µc, µuc) + a[Γ
k
C ](µcs, µuc)
)
+ a[γˆkj ](µc, µuc).
Here SkΓ and a[f ] are defined as
SkΓ(µ1, µ2) =
∫ α1
α2
dαs
b(αs)
ΓkC(αs)
∫ αs
α1
dα′s
b(α′s)
, a[f ](µ1, µ2) =
∫ α1
α2
dαs
b(αs)
f(αs), (45)
where α1,2 ≡ αs(µ1,2) and b(αs) is the QCD beta function given by dαs/(d lnµ) . In Eq. (43)
the parameter η is defined as η = 2a[ΓkC ](µuc, µcs) and given as a positive value since µuc >
µcs. Finally J¯k and S¯k up to NLO are written as
J¯q[L] = 1 +
αsCF
2pi
(7
2
− pi
2
3
+
3
2
L+ L2
)
, (46)
J¯g[L] = 1 +
αsCA
2pi
(67
18
− 5nf
9CA
− pi
2
3
+
β0
2CA
L+ L2
)
, (47)
S¯k[L] = 1 +
αsCk
2pi
(
−1
2
L2 − pi
2
4
)
. (48)
Note that the dependence on the factorization scale does not appear in Eq. (43) since Φk is
scale invariant.
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One additional ingredient for the resummation at NLL accuracy is a nonglobal logarithm
(NGL) [37, 38]. Usually NGLs appear when multiple gluons radiate near jet boundary and
the gluon(s) contributes to jet observables with a limited phase space by the jet boundary.
Especially large NGLs arise when there is a large energy hierarchy between in-jet and out-jet
radiated gluons.
If we consider Φk in the factorization theorem in Eq. (28), Ck (J −1k ) is described by
the collinear mode and responsible for the out-jet radiation with a large energy. On the
other hand, the collinear-soft mode for Sk contributes to the jet mass through small energy
radiations inside a jet. Both modes can read the jet boundary and there is a large energy
difference between them. Therefore we expect nonneglible NGLs contributions to the jet
mass distribution. The mechanism of generating NGLs here is similar with the hemisphere
jet mass distribution [37, 39]. Actually it has been found that the resummed result of leading
NGLs for a narrow jet has the same form as one for the hemisphere jet mass [6, 7]. The
difference would be the scale choices relevant to two modes that read a jet boundary and
have a large energy difference.
In order to guess the size of the NGL contribution to the jet mass, we use the resummed
result of leading NGLs for the hemisphere jet mass distribution in the large Nc limit [37].
Here the leading NGLs appear from two loop, and the resummed result is schematically
given as
∑
n=2 a
n
NG(αsL)
n and contributes at NLL accuracy. From the resummed result in
Ref. [37], we estimate NGL contributions to the jet mass at NLL accuracy such as
∆k=q,gNG (µc, µcs) = exp
(
−CACkpi
2
3
(1 + (at)2
1 + (bt)c
)
t2
)
, (49)
where
t =
1
β0
ln
αs(µcs)
αs(µc)
∼ − 1
β0
ln
(
1− β0
4pi
αs(µc) ln
µ2c
µ2cs
)
. (50)
Here the fit parameters from the parton-shower are given by a = 0.85CA, b = 0.86CA, and
c = 1.33 [37]. If we put µc = EJR
′ = pJTR and µcs = M
2
J/(p
J
TR) into Eq. (49), the result
coincides with the resummed results of the NGLs in the small R limit in Ref. [7]
Using Eq. (43), we show NLL resummed results plus the fixed NLO corrections (NLL+NLO)
for (pJT , R) = (1 TeV, 0.2) and (p
J
T , R) = (1 TeV, 0.4) in FIGs. 1 and 2 respectively. The
default collinear, ultracollinear, and collinear-soft scales have been chosen as (µ0c , µ
0
uc, µ
0
cs) =
(pJTR,MJ ,M
2
J/(p
J
TR)) = p
J
TR(1,
√
ρ, ρ), where ρ = M2J/(p
J
TR)
2. In order to avoid Landau
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FIG. 1. Jet mass distributions for a quark jet (FIG. 1-(a)) and a gluon jet (FIG. 1-(b)) with
pJT = 1 Tev and R = 0.2. Here ρ = M
2
J/(p
J
TR)
2. The thick lines (NLLG + NLO) denote NLL
resummed results with the fixed NLO corrections and the dashed lines (NLLG+NG + NLO) denote
the resummed results with NGLs. The dot-dashed lines (NLOfixed) are the results at the fixed
NLO. Gray bands for NLLG + NLO represent scale variations from µc,uc,cs = 2µ
0
c,uc,cs to µ
0
c,uc,cs/2.
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FIG. 2. Jet mass distributions for a quark jet (FIG. 2-(a)) and a gluon jet (FIG. 2-(b)) with
pJT = 1 Tev and R = 0.4. Here the expressions are the same as FIG. 1.
pole as ρ goes to zero, we introduce a fixed value, ρ0, near the zero point. Then, for the
region ρ < ρ0, we make the collinear-soft scale finally freeze as some value, which is slightly
above the Landau pole [24, 40]. In order to implement it we introduce the collinear-soft
scale profile such as
µpfcs =
 pJTRρ if ρ ≥ ρ0,µmin + apJTRρ2 if ρ < ρ0, (51)
where we set µmin = 0.3 GeV. And ρ0 and a are chosen in order that µ
pf
cs be smoothly
continuous at ρ0. Accordingly the collinear scale is given as µ
pf
uc =
√
pJTR · µpfcs .
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As seen from FIGs. 1 and 2, the results at the fixed NLO in αs that are shown in Eqs. (18)
and (19) diverge in the small jet mass region. However, the NLL resummed distributions
show more reliable results reflecting Sudakov suppression. While the distribution of the jet
initiated by a quark has a sharp shape near the zero point, the jet initiated by a gluon
has a broader shape and the peak shifts positively due to a large color factor CA. We
have also included the resummed results of leading NGLs shown in Eq. (49), which give
significant suppressions around the peak regions. In FIGs. 1 and 2, we have not considered
nonperturbative effects, that would be examined by comparison with experimental data in
the future.
Even though the jet mass distributions are independent of the factorization scale, we have
some arbitrariness to choose µc,uc,cs for each factorized part. In order to see the scale de-
pendence we vary the scales from µc,uc,cs = 2µ
0
c,uc,cs to µ
0
c,uc,cs/2, then obtain scale variations
for the results at NLLG + NLO, where the subscript ‘G’ represents the global logarithms
without NGLs. The variances are expressed as gray bands in FIGs. 1 and 2. We checked
that the errors have been significantly reduced after including the fixed NLO corrections in
the NLL resummed results.
V. CONCLUSION
We present a factorization theorem for the jet mass distribution with a given pJT (or
EJ) for the inclusive jet process. As a result the scattering cross section is factorized as
partonic scattering cross sections, the FFJs, and the jet mass distributions Φk(M
2
J) up to
NLO in αs. Since the decoupled Φk can be obtained from the ratio of two cross sections such
as dσ/(dpJTdM
2
J) and dσ/dp
J
T , it is given to be scale invariant. Also Φk can be calculated
independently of a hard scattering process once a jet with high pJT (or EJ) and small R is
given. So it promises a consistent treatment for examining QCD jet mass distributions in
various processes.
In the region MJ  EJR′, the jet mass distributions can be additionally factorized as
the collinear, ultracollinear, and collinear-soft parts. Using the factorized result in SCET
we have consistently resummed large logarithms of MJ/(EJR
′) up to NLL accuracy. For
more precise results we need the higher order results of the collinear-soft functions Sk or
the integrated jet functions Jk in the factorization framework. Especially the integrated jet
16
functions beyond one loop would be very useful not only for the jet mass but also for various
other jet substructures. Also we need to understand NGLs and clustering logarithms [41, 42]
at deeper level. Finally we note that the factorization theorem here can give a firm basis
to consider the groomed jet mass distributions [43–45] for inclusive processes since most
subprocesses are similar except that the groomed observable has more restrictions inside a
jet.
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